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SUMMARY

When dilute solutions of finite size particles undergoing Brownian motion flow
through a capillary, the larger particles have higher average velocities than the smaller
particles. Thus one can obtain a separation of particles of different sizes due to fluid
flow. The elution volumes of suspended particles or polymer molecules are derived for
various tube geometries. Following TAYLOR, the effects of diffusional broadening of the
volume elution peak for finite size particles are discussed and the process is shown
to be chromatographic.

Models of a gel permeation chromatographic column are proposed in which
there is fluid and particle flow through each of the beads as well as around them.
Diffusion is allowed within and outside of the beads. Equations for the location of the
volume elution peaks are computed for such models and shown to yield functional
dependence on the polymer radius and column geometry very much like equations
derived by previous workers for models of gel permeation chromatographic columns
in which there was no flow allowed within the beads. Explicit formulae are given for
the second and third moments for the above models. It is shown that for a mono-
disperse species the volume elution peak is always a gaussian of a finite width. It is
shown that beads with open pores that allow for flow always have better separation
capabilities than beads with pores that do not allow for flow.

I. INTRODUCTION

An isolated polymer molecule flowing down the inside of a thin capillary and
undergoing Brownian motion will have an average velocity greater than that of the
solvent. This is because the center of the particle (assumed to be a rigid sphere) cannot
get any closer to the walls of the capillary than its radius. It therefore samples only
those solvent velocities away from the walls. Since the solvent velocity is larger, the
farther the distance from the wall, larger molecules will have larger average velocities
than smaller molecules. See Fig. 1. ‘

Suppose we now introduce particles of two different sizes simultaneously at the
top of the column. The average distance between these particles will increase linearly
with time as they flow through the tube because they have different average velocities.
On the other hand the peak widths of the distribution of particle distances about
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their mean value for each kind of particle increases as the square root of time. This
is a characteristic of particle diffusion. It therefore follows that by waiting for suf-
ficiently long periods of time the separation between peaks can be made large com-
pared to the width of the peaks. The particles therefore separate into two groups.
These ideas have been placed on a firm quantitative foundation in a previous
paper!. The main results for a single capillary are recapitulated in Section 2.

FLUID
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UNAVAILABLE
VOLUME

Fig. 1. Schematic of flow down a single tube. The fluid velocity profile causes polymer separation
by virtue of the unavailable volume.

Because the elution characteristics of a single capillary are very much like
those of gel permeation chromatographic (GPC) columns we were led to consider the
elution properties of various networks of capillaries (combinations of capillaries in
series and in parallel). The main results are summarized in Section 3. A complete
paper on this aspect of the problem has appeared elsewhere?.

A particular combination of tubes is considered as a model for GPC (see Fig. 2).
In this model there are tubes of two diameters. The large tubes represent flow between
the beads (interstitial flow) of a GPC column, and the small tubes represent flow
through (intra-bead-flow) the beads. The idea that there is flow within the bead as
well as around it is essential to the applicability of the separation by flow (SBF)
concept to GPC. In Section 3 we also discuss the application of SBF to GPC.
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Fig. 2. The bank model of a GPC column, The large tubes in a given bank (on left) represent the
totality of interstitial regions at that same level in the column (on right). The small tubes in this
bank represent the totality of fine tubes within the beads at this same level. The space between
banks serves as a mixing region and is not considered to have any volume,

2. SEPARATION BY FLOW IN A LONG THIN CAPILLARY

A. Volume elution
The velocity ur of solvent flowing down a tube of radius 7, under Poiseuille
flow is

e
vy = —In-gf;- (70® — #2) (1)

The velocity of the center of mass of a polymer molecule, v,, has been derived
under the free draining assumption!.

————— ity | —

vy —vp 2 [5\?
Uuo 3 (1’0) (2)

where #, is the fluid velocity along the axis of the capillary.
The radius of gyration is s. It was found that the molecule does not migrate
radially (unless there is diffusion), but is retarded by the amount in eqn. 2. HAPPEL
AND BYRNE? have derived a relation for the slip at the axis of a cylindrical tube of

radius 7, for rigid impermeable spheres of radius s. They obtain

wo _E(L)
[ v — 3 (1’0 | (3)
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This relation is identical with ours if we identify the radius of the sphere with the
radius of gyration of the molecule. Eqn. 3 has been confirmed experimentally by
GoLDsSMITH AND Mason4, We can now evaluate the average velocity and therefore
the elution volume. Because of entropy forces a polymer molecule will tend to main-
tain its shape as it flows down the tube. That is to say, if we deform a polymer mole-
cule from its spherical shape by means of an external force, a restoring force is set up
by the polymer which acts in a direction so as to restore the shape. It is for this reason
that the center of mass of the polymer molecule cannot approach too closely the walls
of the tube down which it flows. We are thus led to define an effective radius, a, for
the polymer. For flexible polymer molecules it has been shown that this radius is
related to the radius of gyration, s, by

A = ———§ (4)

If Brownian motion in a direction perpendicular to the axis of the tube is al-
lowed, then the center of mass of the polymer molecule will sample every possible
horizontal position in the tube with equal probability, except for the fact that it
cannot be closer than a distance, a, to the wall. We obtain then for { v,)>, the average
velocity of the polymer, in a circular cylinder

1'0— a

. . . ro-_-a
coms =0 [ [1=(2) =7 (L) Jrear / [7 veare
o 0
1 — 2 2
<Up> = uy [I —( :/ro ) ( ) ] circular cylinders (5)
where

op ro?

wnoe = 52- ;;

We have let #, be the radius of the cylinder and 7, the distance from an axis down the
center of the tube to the particle center of mass. It should be noted that #, as defined
in eqn. 5 is the maximum velocity of the fluid in the tube. The y in eqn. 5 is defined by

va? = 2s%/3 (6)

For flexible polymer molecules y = 27/27. However, in general, y is a function of
the shape of the particle as well as the density distribution within the particle. For

this reason we retain y as a parameter. In a similar manner we obtain for parallel
plates

' — /202 2
<Up> = g [I _(x v S‘ﬂfﬂ_)___’;’ (%) ] plates | (7)

where for parallel plates
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The elution volume, V,, is the fluid volume flow rate, Q, times the time needed for
passage of the polymer through the capillary, ¢ Thus, for a tube of length £

Ve = Qt = Qll<vp> . (8)
We obtain then
-~ lvg2
Ve = ro circular cylinders (9)
(r — R)2
2 [I _— — yft’z]
2
% Zo pl'ttes. (10)
e = . 2 3 IO
3 [I __9___11_2,;2]
4 3 2

In eqn. 9, R = a/#, while in eqn. 10 it is R = a/z,. Thus, the elution volume is equal
to the elution volume of solvent times a factor which is a function only of R and the
geometry of the capillary.

In Fig. 3 the effect of varying ¢ on the elution volume of a circular cylinder is
given; for convenience we have let /7% equal 1 in this figure. We have plotted V, vs.
3 log R in the figure since R?2 is nearly proportional to the so-called hydrodynamic
volume of the polymer. We pointed out previously® that the features of the curves
given here are similar to the log hydrodynamic volume vs. volume elution curves of
GRUBISIC ¢t al.8, found experimentally for a GPC column. We wish to emphasize here
the similarity of the curves for R << 0.2. Clearly for this region we have an insensi-
tivity to y in the V¢ vs. 3 log R plots. :

In Fig. 4 we have plotted V. us. 3 log R for three different cross sections of tubes;

r r . r 1 . A — o e e
!
o O \ -
|
L= =l - -
f
-2.1- -2
o3
g :
3 .3 S .3l
- 3. 33
' M
-4 (- -4}
- 54~ -5
-6 -8
L | | ! 1 1 | 1 ! ! ! { ;
04 05 08 O7 o8 08 1.0 04 05 O0Oe Oor o8 09 1.O
ELUTION VOLUME I, ELUTION VOLUME I

Fig. 3. A plot of the normalized elution volume versus the logarithm of the effective particle volume
for separation in a single circular cylinder is shown. The cffect of varying y, the parameter relating
to the magnitude of the retardation effect, is seen to be small below R = o.4. R is defined as a/x,.

Fig. 4. A plot of the normalized clution volume versies the logarithnm of the effective particle volume

(with y = o) for various tube gecometrics for a single tube is shown. Notice the general shape of
the curve is insensitive to the geometry. R is defined as a/»,.
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we have normalized all the curves to V¢ = 1 for R = o. In this plot we see that al-
though the parallel plates resuit is different from the others, the shape of the curves
show a general insensitivity to cross section for smaller R'’s

Neglecting the retardation effect (¥ = o), the ratio of maximum to minimum
elution volume is 2 for circular cylinders and 1.5 for parallel plates. It is interesting
to compute this ratio for tubes of various other cross sections. This is done by com-
puting the ratio of maximum velocity to average velocity. We obtain, for a square
cross section 2.5, for an elliptical cross section 2.0 (independent of the eccentricity of
the ellipse), and for equilateral triangle 2.2. Thus, one might expect the effect of
different cross section on volume elution is a small one.

B Dispersion in the volume elution peak due to diffusion
TAvLOR had addressed himself to the problem of dispersion of soluble matter in
solvent flowing through a circular cylinder?. Aris has extended the results to cylinders
of arbitrary cross section8. Their problem is identical with ours except for one factor:
the size of the molecule. They assumed that the soluble matter is made up of point
particles, while we assume our soluble matter is made up of particles of finite size.
. We have adopted their treatment to the solution of the problem for finite size

molecules. The startmg point is the three dimensional diffusion equation in a moving
medium.

‘ aCc '
szc=5t—+?-€7’c' (11)

—

where C is the concentration of solute particles, v is their velocity, D their diffusion
constant, and ¢ time. Eqn. I is a generalization of the ordinary diffusion equation to
a moving medium. The main result of TAYLOR and ARIs can be described as follows.
Suppose we define Cy; to be the mean concentration over the cross-sectional area
whose normal is parallel to the axis of the cylinder. Then C,, is found to obey a one
dimensional diffusion equation.

22C éCm
K = —
ox? ot (r2)

with an effective diffusion coefficient K,

2902
K—-D-}-Oz-@#— (13)

The coordinate system of eqn. 12 moves along with the average velocity of the
particle and the direction along the tube is the x direction. 0 is a number which de-
pends on the cross sectional geometry and has value 1/192 for circular cylinders and
1/120 for parallel plates. For parallel plates one replaces #, by z,; in both cases #, is
the maximum fluid velocity in the tube. The effective diffusion coefficient K has an
ordinary part D resulting from longitudinal diffusion and a part Gu,27,2/D which
results from transverse diffusion and simultaneous smearing due to the fluid velocity
profile. The shear gradient causes material at different levels in the tube to travel at
dxfferent velocities thereby smearing the particles over large longitudinal distances.
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Thus this effect increases with increasing u, However, the rate at which particles
sample various levels is important; if the particle sampled quickly (D large) then there
would be only a small amount of smearing since the longitudinal velocity of each
particle is the average velocity. However, if the particle sampled the various levels
slowly then there would be much smearing. This is the reason for the inverse de-
pendence in D in the second term of eqn. 13. This term is the dominant one for many
situations of interest. Thus, the larger the diffusion coefficient, the smaller the
spreading in the elution volume peakl

The only effect of particle size is to scale the quantltles 1y and 7, (2,) as followse

vy — (o — a)

vo — a\?
2 " ——) circular cylinders (14)
0

g~ UQ (

20 —> (30 —_— a)

—a\2
Zo a) parallel plates (15)

U —> UQ (
20

Eqns. 12 and 13 are now applicable with the substitution afforded by eqns. 14 and 15.

C. Implications of the equations and further results

Separation by flow occurs in the capillary considered in sections 2 A and B.
The average distance traveled by molecule ¢ down a tube in time ¢ is {vp)>¢¢; then the
distance between peak centers for two substances 1 and 2 is

dig = |<up>1 — <Up>z|t (16)

Because of diffusion, the elution volume peaks become spread out in time. But as is
always the case for diffusion, the width of the peaks are proportional to v 7 rather
than ¢. Thus, if one waits for a long enough time, either by using a long tube or equiv-
alently by recycling through one tube, one can always separate the two materials.

From eqns. g and 10 we observe that the elution volume peak is a function
only of the effective radius of the particle and of the geometry of the tube. It is in-
dependent of both viscosity of the fluid and the diffusion coefficient of the molecules.
It also does not depend on the pressure head and the flow rate through the tube. If
we flow different molecules through the same tube then the only pertinent variable
is the effective radius. We have already pointed out! that the effective radius cubed
of a polymer is nearly proportional to its hydrodynamic volume. Presumably then
we have a method of characterizing molecules on the basis of hydrodynamic volume
alone. For rigid rods also, the only pertinent variable for volume elution is hydro-
dynamic volumel.

The validity of the concept of separation by flow is independent of the detailed
assumptions used in deriving the specific formulas. It is, for example, not necessary
for us to have a quadratic dependence of fluid velocity in a circular cylinder. All that
is required is that we have on the average a larger velocity toward the center than
at the boundary of the tube. It is not necessary even to have Brownian motion, All
that is needed is a mechanism whereby the particles samplc various levels in the tube.
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Turbulence for example might replace Brownian motion as the mode of sampling.

~ If one attempts to use a bundle of identical capillaries as a practical method of
separating polymer molecules of molecular weight 10% or less one finds that it is
impossible to choose reasonable values of the parameters, tube size, numbers, and
length. One cannot have both good separation which requires narrow capillaries and
large flow which requires wide capillaries. For this reason we were led to the study
of combinations of large and small tubes in series and in parallel. The bank model
discussed in the next section provides both excellent separation capabilities and large
flow rates. ‘ :

3. ELUTION CHARACTERISTICS OF NETWORKS OF CAPILLARIES; APPLICATION TO GPC

Ideally, we would like to solve the problem of flow through an arbitrary com-
bination of tubes of various diameters, widths and numbers. We have not been able
to do this. But we have solved the problem for a more restricted class of networks
which we have called ‘“bank models’’. These models are useful in their own right as
objects to be constructed, and also because they seem to be good models for GPC
columns.

A. Description of the models

In this section we shall describe some models for a GPC column. A GPC column
is made up of fine gel beads (ca. 50 4 in diameter) packed together. The beads are por-
ous; we assume that the pores go through the entire bead. Thus we assume the carrier
fluid flows around, into and through the beads.

‘ The surface of the beads divides the system into two regions; that within the
beads and that outside. In this picture of the column the region within the beads is
viewed, for the purpose of calculation and simplicity, as made up of small open
cylinders, all of radius 7,, and all of length /. We assume, naively, that each cylinder
is of uniform radii and that no cylinder intersects another. These cylinders are assumed
aligned in- one direction and this direction is chosen as the direction of fluid flow.
The number of small tubes per unit volume is chosen so that the total volume within
small tubes is the same as that available to solvent within the beads. Furthermore
these tubes must be bunched together so that the distance between bunches is com-
parable to the size of the interstitial region between beads in the real column. Thus
both flow and diffusion are allowed within the beads as well as within the inter-
stitial region between beads. Initially, none of the tubes will be closed. Thus there is
no stationary or stagnant volume in our system. This restriction is easily removed.

The above model does not yet specify a detailed geometry for the system. We
have purposely maintained generality because the method used to compute the
broadening and skewness does not require a detailed specification. However in order
to calculate average elution volumes as is done we have need of a more specific model.
This latter model is a series of banks of tubes separated by mixing regions (see Fig. 2).
We shall refer to this model as the bank model. Each bank is made up of parallel
arrays of right circular cylinders of different radii; the fluid flows through the cylinders
(rather than around them). For concreteness one can view each bank as a membrane
riddled with holes. For clarity of presentation we assume there are tubes of only two
radii, »; and #,; their numbers in each bank are N; and N, and their length /. The
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banks are thus all identical and there are n of them. This series of # banks is called
a column.

The path of the particle through the column is as follows. A pressure head 4p
forces the particle (which is suspended in carrier fluid) through the column from top
to bottom. The particle emerges at time ¢ later after having traversed np; large tubes
and #nps small ones. We assume that particles in the mixing region lose memory of
the tubes they came out of. Accordingly the probability 4 of a particle jumping into
and through the tubes of the next bank (¢ = /,s) is independent of which tube it
emerged from. This assumption will be more valid for larger diffusion coefficients
and less valid for smaller diffusion coefficients. Its validity is also a function of the
actual geometry of the system. For example, if all the large tubes were bunched to-
gether at one end of the bank (membrane) and the small tubes at the other end,
one would expect that by piling the banks in register one could have large tubes in
one bank vertically above large tubes in the adjacent banks. Consequently, particles
coming from large tubes would tend to go into large tubes and so on. One obviously
minimizes this effect by mixing the tubes within each bank.

The above bank model can be viewed in its own right as an object of study,
or as a model for GPC. As a model for GPC, the large tubes represent the flow region
outside of and around the beads; the small tubes represent pores in the beads. Any
particle emerging from a small tube has the option of choosing to go into a small tube
again (into a bead) or into a large tube (flow around a bead). Thus the totality of
small tubes in one bank represents all the pores in all the beads at one level in the
GPC column, and the totality of big tubes in this bank represents all the regions be-

tween beads at this same level. The length of the tubes is proportional to the diameter
of the beads.

B. The final formulae

The elution characteristics of the bank model have been calculated in our pre-
vious paper?. We have shown that the elution volume peak for a single species is
Gaussian and have evaluated its first three moments. The procedure used is an
adaptation of the method of HErRMANS?. HERMANS allowed diffusion into and out of
the beads while we have allowed both for flow through the beads and diffusion.
Furthermore, we have evaluated the particle size dependence of the first moment
(elution volume) in both the high fluid flow and low fluid flow (equilibrium) limits.
One should consult ref. 2 for details. Here we will quote only the results.

<> (I - d’)]/ ’
— = |I <UVp> 17
=+ P>t (17)
o (1 — ) Dy — 2
He (1 — ¢) ’£( <'Uzl>s) 4 2 m [I + (_I__ﬂ] (18)
& dl <Up>s<UPp>L 2D, <vp>’3 ke
ra _ —3(1 — )i I — t . (19)
x Dk <vp>2<up>y’ [(52’2)2 sinh? (-l—f.z)f_’?—f) 3]
2D3 2 )N
6.D,, (/42) (<t>)
<up>’ \x X
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(1 — @) <up>s
<v >’=<v>[1—-— ] 20
»2 2 »-l bk <vp>y (20)
(T — a)rs)Ors?
Da == Da '+‘ (21)

192D,

£ in eqn. (18) is the Langevin function, £(x) = coth (x) — 1/x. The length of the
column is x and {¢) is the average time spent in it by the elutant. ¢ is the fraction
of flowing volume in large tubes, {v;>; and {v,>;s are the average velocities in large
and small tubes. y, and u; are the second and third moments about the mean for the
time spent in the column. / is the length of the capillaries (in each bank) of which
there are two types of radius 7, and »; and the number of banks is, of course, x/.. The
diffusion coefficient of the molecule of radius @ is Dg. The maximum velocity of solvent
in the small tube is #; and an expression identical to eqn. 21 with m replacing s holds
for Dy,. The value of the quantity %2 depends on the flow rate through the system. In
the limit of slow flow we have

= K¢ = (1 — a/r,? as v

;-

(22)

K¢=0 027’5

For other shapes of tubes one replaces (r — a/r;)2 by the appropriate partition co-
efficient.

In the limit of fasf flow one has

I a\?
—_— == = — — - J— —

% Ky 1/[2 (1 — afre) 2y (rs) ] a s v (23)
Ky=o0 a = v

We have not been able to derive an expression for all flow rates, but an heuristic
argument given previously suggests

| '113 = K = Ky(1 — exp (— 4sl/BDg)) + Ke¢exp (— al/BDa) (24)

where 8 is a parameter near 1. The above moments (for the time it takes a particle
to elute out of a column) are related to moments for the volume elution, V.

We obtain
—_ I —

<Ve> =V, =gV [95 + —k—qs] (25)
— T2 ,

<(Ve— e)2> — ,1122 (26)
72 <t>

<(Ve— Vo3>

Fe—Vor> ”:,2 (27)
<(Ve—' Vc)2>3/2 e
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R
r— [ Re]

g’ = (28)

The quantity g’ is always close to 1 for any system of interest. 7”7 on the right hand
side of eqn. 25 is the total volume in small and large tubes. We have also shown that
the elution volume peak is Gaussian.

C. Discussion of resulits

In Fig. 5 we have plotted 3log (a/7s), the logarithm of the cube of ratio of the
particle radius to that of the small tube, versus the volume elution for various frac-
tions of the volume available in the large tube, ¢, in both the flow limit and equilibrium
limit. The variable (a/74)3 is proportional to the hydrodynamic volume of the polymer?®,
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TFig. 5. Volume eclution, V,, versus log size (hydrodynamic volume) for the bank model for both
the equilibrium and the flow limit for various values of ¢ the fraction of volume in the interstitial
region. ¥V is total volume available to solvent.

The reader should notice that for small (a/7;s) the flow limit and the equilibrium limit
are the same; one should also notice that the curves are similar in shape to experi-
mental volume elution versus logarithm hydrodynamic volume curves of single column
GPC systems, Clearly we could reproduce other experimental curves by suitable choice
of a distribution of small tube sizes. (This statement is meant to suggest the sufficiency,
not necessity, of the theory since others have produced such curves. Also see part D
of this section.)

As we pointed out in Section 3 13, we have only derived the volume elution
versus particle size equation in the limit of high flow and in that of low flow (equi-
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librium). We also pointed out that from considerations of a single tube one might
expect the more general volume elution equation as a function of flow rate V,(u«;) to be

Ve('l(og) == V + I{Vg (29)
K = 0K, + (1 —0) Ky
0 = exp (— u4l[fDa)

In Fig. 6 we have plotted V¢ — V(s = 0), (4V ), for various a/7s as a function
of ugl/fDg (we generally expect f = 1). For large molecules #,/Dg is about 3 (#; =
(#s/71)%2 w3 = 10 cm/sec, ! = 30 microns, D4 = 107 cm?/sec) while for small molecules
#gl/Dg = 3 X 10-2 (all parameters the same except Dy = 10-% cm?/sec). Clearly ex-
cept for large a/rs we see very small changes in Ve as a functlon of flow except for a
very high flow rate.

0.25 i S I
afrg®.5
0.20}- —
S
i
v
)
S 0.0 .
afrs 2.25
.02
; ) ofry 2.1
(o] 10 20 3.0

us /3 0g

FFig. 6. Here we have plotted our estimate of the fractional change in volume elution as a function
of usl|BDa. AV is the difference between the actual volume elution and that at zero flow (I7¢(its = 0)).
For small a/rs the change is minimal. These results are for a bank with only one size small tube;
B is estimated to be one or two.

Our expression for the peak width eqn. 18 is similar to that derived by HEgRr-
MANs? and indeed our expression includes the case of diffusion (diffusion only) as a
limiting case. In Fig. 7 we have plotted the ratio of this expression to that obtained
in the limit of zero flow. The ratio is alwa.ys less than or equal to 1. This means that
separation is always improved by usmg tubes with flow rather than tubes blocked
up so that there is no flow.

, ~The HETP (height equivalent theoretical plate) of a chromatographic column
is normally defined as (V. — V)2/V,, the dispersion in the volume elution divided by
the volume elution. For small #g//Dg our expression for that part of the dispersion
arising from the dispersion in small beads is similar to that obtained by others. For
larger velocity and/or small diffusion coefficients the functional form changes dra-
matically. In Fig. 8 we have plotted the quantity (V. — V2/[Ve(Ve — V)] versus
usl/2Dg4 for various ratios of bead size to small tube radius, //7s. The (V. — V) in
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Fig. 7. Plot of the log of the ratio of second moment computed here to the second moment when
no flow is allowed in the small tubes (the HERMANS limit) ur as a function of the log (2Dq/l <vp>s)
for I/rs from 5 to 100. The quantity (2Dqf! <vp>,) is essentially the ratio of the time for a particle
to be flushed out of bead to the time it takes it to diffuse out. When that ratio is greater than one,
the time to diffuse is smaller than the flush time. Our result goes to HErMANS' result. IFor this
ratio less than one, the dispersion from our calculation is less than that from HermaNs'. (Notice
this curve shows the ratio of u/un as a function only of (2Dq/l{<vp>s). This is true for the range of
(2D o/l <vp>) we have chosen. For (2D4/l <vp>g) > 10~ effects of changes in 7, are seen).

Fig. 8. Plot of logarithm of the Langevin function £(<v;>/2Ds) (where Dy = D, 4 (152 742/192 D)
versus <vp>4lj2D4 for various I/7s. The Langevin function is proportional to that part of the HETP
arising from the dispersion inside the beads. Notice for small <v,>,/2D, the curves are identical.
This is the low velocity-high diffusion constant region and yields increasing dispersion as
CUp>sll2D 4 increases; in the high flow—small diffusion constant region, the dispersion decreascs
for increasing flow. The slopes of the shoulders of the curves are 4 1.

the dispersion expression is the difference between the V', and V', the volume elution
of particles to big to go into the small tube. With the inclusion of this term in the
expression for the dispersion, the only variable for a column of a single size of small
tubes is {v)4l/2Dq. Thus we might expect that for a single column (except for some
weak size dependence in {vy)s/1s), us/Da or, thus, #;/Dg, the fluid velocity over the
diffusion constant, is the important variable. One would expect the data for this
part of the dispersion to scale that way.

The reader should notice that for small [ {vy)s/2Dg4, the curves in Fig. g are
identical. For larger I{vp)s/2D, they clearly break away from each other; for all
curves however as [1{vy)>s/2Dq gets above 1 the dispersion is either a constant or
decreasing as { vp)s/Dg increases. This is in contradistruction to the results obtained
at smaller {vy,)>s/Da. Thus one might expect for a given column system that the dis-
persion for small molecules would increase for increasing #; while that for large
molecules (low diffusion constant) would decrease or remain constant for increasing
#s. Such results have been observed!!,
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Fig. 9. A plot of the logarithm of the hydrodynamic volume versus Ve/V for ¢ = o for a distribution
of tube sizes (see eqn. 32). Notice as the ratio of the largest small tube to the smallest small tube,
B, increases, the length of the linear portion of the curve increases, (For B = 10000 the curve is
linear from 3 log (a/7s) = — 3 to 3 log (a/ry) = —13).

D. Application to distributions of tube sizes

Our equations are easily modified to include distributions of tube radii for the
small tubes in each bank. Denoting the normalized distribution by g(») so that
Vsg(r)dr is the volume of cylinders of radius » within d» we have

Ve= Vi -+ Vs f ; e K(aldr = Vi + V, f g(N K (afr)dr (30)

The use of @ as the lower limit of integration is permissable because K(a/#) = o for
a > ». Eqn. 30 is valid if most of the flow is in the big tubes (interstitial region of the
beads) which are not part of the distribution function g(#»). It is obvious from eqn. 30
that the shape of the volume elution curve is very much dependent on g(») as well
as K(a/?). A choice of g(r) which makes the equilibfium volume elution curve linear
as a function of the logarithm of the hydrodynamic volume is

g¥) = 1/[r In (B)] nsSvSvre (31)
= o elsewhere - '
where

B = ra/ry

We obtain with use of eqn. 22,

| Fom Vi Vs [— 111:1 (lt;/rz) _ (3 -—,d/:s;)n(;g — “/7’2)] "n<as<n (32)
P (g (oD -G esn
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A plot of this function for various values of B is shown in Fig. 9. These curves have
a much larger linear portion than those of Fig. 6. It is obvious from this example and
the form of eqn. 30 that one can obtain a wide variety of elution volume curves by
a judicious choice of g(#).

There is an interesting msen51t1v1ty to the specific form of K(a/#) that occurs
when g(7) is a very broad distribution function. This insensitivity is due to the step
character of K(a/#) (that is, that for a > », K = o, and for a < » K = 1). Thus if

g(7) is so broad that most tubes have either » << a or # > a for all @ then V, of eqn. 30
w111 not be sensibly changed by use of a step function in place of the correct functional
form. For example, with a step function for K(a/7) and for the g(#) given by eqn. 31
we obtain

173 = Vl a ; Yo
Ve = Vi -+ Vg lIn (re/a)/In (13) nsaswr (33)
T;e=Vl+Vs asn

which is not much different from eqn. 32 over a wide range of values of a. To the extent
that elution volume is insensitive to the difference between K and the step function
O(a/7r) we can say that the exclusion aspects of the formulation dominate.

E. Genevalization of the bank model to a combination of blocked and open capillaries

If one allows a certain fraction of the small capillaries to be blocked up so that
diffusion into and out of them is allowed but flow through them is disallowed then
one obtains a more general model. In general one would expect that in GPC columns
cavities of both types occur in the beads.

The average elution volume of such a column is identical in the equilibrium
(slow flow) limit with that of the model in which there are only open tubes. Eqns. 17
and 25 remain valid with the substitutions afforded by eqn. 22 for K, Thus average
elution volume is insensitive to whether there is flow through the capillaries.

Our equation for the second moment is now replaced by a sum over the two
kinds of tubes. For the open tubes 1 — ¢ is replaced by the fraction of volume of tubes of
the open type (¢ which is the fraction of volume of big tubes is unchanged). For the
closed tubes 1 — ¢ is replaced by the fraction of volume of tubes of the closed type
and also the Langevin is replaced by its argument. The effect of this replacement is to
increase the broadening. This means that the elution characteristics are always im-
proved by use of open-end pores rather than dead-end pores.

REFERENCES

1 E. A, DiIMarzio aAND C. M, GurT™MaN, Macromol., 3 (1970) 131.

C. M. GUuTTMAN AND E. A, DiMAarzio, Macromol., 3 (1970) GS1.

J. HapreL AND B. J. BYRNE, Ind. Eng. Chem., 46 (1954) 1181.

H. L. GoLpsMmIiTH AND S, G. MasoN, J. Colloid Sci., 17 (1962) 448.

E. A, DiMARrz1o aAND C. M. GurT™MAN, J. Polym. Sci. B-7, (1969) 267.
Z. Grusisic, P, Remrep AND H. BevNorr, J. Polym. Sci. 3-5, (1967) 753.
G. TAvYLOR, Proc. Roy. Soc. (London), Az219 (1953) 186,

R. Ari1s, Proc. Roy. Soc. (London), Az235 (1956) 67.

J. J. HerMaNs, J. Polymn. Sci. 24, (1968) 1217,

10 B. H. ZiMM AND W, H., STOCKMAYER, J. Clhem. Phys., 17 (1949) 1301,
11 K. J. BomBaucH AND R, T, LevaNce, Anal. Chem., 41 (1969) 1357,

O O Ot N

J. Chwromatog., 55 (1971) 83~-97



